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Abstract. We construct a Fock space associated to a symmetric function Q : U x U — > (—1,1), where U 
»^1 , is a nonempty open subset of V for some j. Namely, we will have operator- valued distributions a{x) and 

^__^ . a+(s/) satisfying 

O , <i{x)a-^{y) -Q{x,y)a^{y)a-{x) =S{x -y). 

Analogous to the gij-Fock space of Bozejko and Speicher 0], we have field operators arising as the sum of 
{^JQ, the creation and annihilation operators. These operators generate a von Neumann algebra analogous to the 

^ ■ free group factors, and are factors which do not have property F. It was pointed out to us by an anonymous 

^^ • referee that this is a special case of a theorem of Krolak ^ . 

00 

^]^ ' In the study of operator algebras, much attention has been paid to the canonical commutation relations 

\m/ , (CCR) and the canonical anti-commutations (CAR). Bozejko and Speicher [5] considered an interpolation be- 

(~| ' tween these relations. Specifically, for g e [—1,1], they constructed creation operators c+(/) and annihilation 

operators c(/) on a q-twisted Fock space J^qiH) satisfying the relations 

c(/)c+(5)-gc+(5)c(/) = (/,.9).l. 

In the (7 = case, these are the creation and annihilation operators on the full Fock space. 
T^lj- I It was shown by Voiculescu dO] that for a Hilbert space of dimension d G {1,2,. ..,oo}, the Hermitian 

^ . parts of the creation operators on the free Fock space generate von Neumann algebras isomorphic to the 

>0 ' free group factor on d generators. Thus, we can view the algebras r^(H) := {c(/) + c+(/) : / G H}" as 

g-deformations of the free group factors. 
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1. Introduction 



«vj ' Various factoriality theorems have been proven for these algebras. First, Bozejko and Speicher [5] showed 

that these are factors when dimH is infinite. Sniady 9 subsequently showed that r^('H) is a factor for 

^—v I dimH sufficiently large but finite. Ricard [8, showed that in fact Tq{7i) is a factor for dimH > 2. 

p^ ■ More general deformations of the free group factors have also been considered. For H a Hilbert space 

with basis {ei},;g/, Bozejko and Speicher p? constructed a solution to the qij -relations 

c(ei)c+(ej) - (jyC+(ej)c(ei) = Sij, 



for qij e [—1,1] as well as a further generalization of the relations arising from a contraction T G BCH) 
H ■ satisfying the braid relation (or Yang-Baxter relation) given by 

{l(g>T){T(g>l){l(g>T)^{T(g>l){l(g>T){T(g>l). 

Krolak ^6: proved that if l|rl| < 1, which in the qij case corresponds to the condition sup{]gij] : i, j G /} < 
1, the resulting von Neumann algebra is a factor for dimH sufficiently large. 

In another direction, Liguouri and Mintchev [Ti and Bozejko, Lytvynov, and Wysoczanski [T] have con- 
sidered creation and annihilation operators on a Fock space arising from a continuous commutation relation 
associated with a Hermitian function Q from W x W (or some more general space) to the unit circle. 
This construction also involves additional commutation relations on the creation operators, and includes the 
anyons as a special case. 

Here we will consider a continuous Q-commutation relation arising from a function taking values in (—1, 1). 
Before we state the problem more explicitly, we introduce some notations which will be used throughout the 
paper. 

Notation 1. Let U he a nonempty open subset of R^ for some integer j > 1. We also fix Q G C{U x U), 
the space of continuous functions on U x U. Further assume that q := sup{](5(a;, y)] : a;, y G U} < 1 and 
that Q is a symmetric function, that is Q{x,y) = Q{y,x). Also define H = L'^{U). 
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For points x,y ^ U, we wish to consider, at least heuristically, infinitesimal creation and annihilation 
operators on a Q-twisted Fock space satisfying the Q-commutation relation 

(1) a(x)a+{y) - Q{x, y)a'^ {y)a{x) = S{x - y) ■ I, 
where 6 is the usual Dirac S, whence 

Six ~ y)f{x, y) dx dy^ / /(y, y) dy. 

Rigorously, this relation should be understood as a statement about operator-valued distributions, which 
makes sense upon smearing with a test function and considering the resulting quadratic forms. The meaning 
will be explained further in Section [5J 

The operator- valued distributions a^(x) and a{x) will give rise to creation and annihilation operators 
a{f) and a'^{f) on a Q-deformed Fock space J^q{H). We will use these to define a Q-deformed field operator 
w{f) = a{f) + a^if) and the von Neumann algebra rQ{H) generated by operators of this type. 

This paper has four sections, not including this introduction. Section [5] will present the construction of 
a deformed Q-Fock space with creation and annihilation operators realizing the Q-commutation relation. 
In Section [31 we will discuss basic properties of the von Neumann algebra generated by the field operators 
on this Fock space. In Section |4l we will show that the field operators arise as a limit in distribution of 
operators on discrete qij-Fock spaces considered by Bozejko and Speicher in 13|. In Section [5l we will show 
that the von Neumann algebra generated by these operators is a factor. 

Acknowledgments. While working on this paper, the author was supported in part by a National Science 
Foundation (NSF) Graduate Research Fellowship. He was also supported in part by funds from NSF grant 
DMS-1001881. The author also benefited from attending the program "Bialgebras in Free Probability" at 
the Erwin Schrodinger Institute in the Spring of 2011. His travel was supported by NSF grant DMS-1101630. 
The author would like to thank Dan- Virgil Voiculescu for many enlightening conversations, Michael Hart- 
glass for suggesting simplifications to the proof of Proposition 21 and an anonymous referee for offering 
several corrections and for pointing out that several results are special cases of results of Krolak [6, 5;. 

2. The Q-Fock space 

We will construct our Q-Fock space by defining a deformed inner product on the algebraic Fock space. 
Fix n and define for 1 < i < n — 1 the operator T^^' on "H®" by 

Tf'f{xi, ...,Xn)= Q{Xi, Xi+i)f{xi,. . . , Xi^i,Xi+i,Xi, Xi+2, ■■■,Xn). 

Evidently Ti is self-adjoint and bounded with norm at most q := sup^.^, \Q{x,y)\ < 1. It is easily verified 
that 

(2) 2:(")rj") ^ yj")j^(") for \i-j\>2 and 7^/")i;(;')i;(") ^ i;(;'ji;(")r/;|. 

These relations are known as the Yang-Baxter relations, or sometimes the braid relations. Now let Sn denote 
the symmetric group on n elements and for i = 1, . . . , n — 1 let ttj be the permutation transposing i and i -I- 1 
and fixing all other elements. We define the map </>„, first on the tt^ by (/)„(7ri) — T^' and then on all of Sn 
by quasi-multiplicative extension. This means that if tt = 7r,;j • • • ttj^, is a decomposition of -k into a minimal 
number of the tt^ then we define 

<i)n (tt) = (/-„ (TTi J • • • 0„ (tT,, ) = i;^"^ • • • I^/"^ . 

That this definition does not depend on our choice of minimal length decompositions for tt is a consequence 
of the fact that the T^ satisfy ^. It follows from this definition that 4>n{<y i<^2) = <t'n{o'i)4>n{o'2) whenever 
Ifil + |cr2| — \(Ji'J2\- Here |crfc| denotes the number of inversions of the permutation ak- That is, 

iCTfcl = \{{i,j) : l<i<j<n,ak{i) >crfc(j)}|- 
Equivalently, \(Jk\ is the length of the shortest word for ak as a product of the fundamental transpositions. 
We now define the operator P^"^ G B{n'^'^) by 

o-es„ 
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By Theorem 2.3 of [3], the operator Pq' is strictly positive. 
Let J^aig('H) be the algebraic Fock space on H, 

oo 
n=0 

where the direct sum is the algebraic direct sum, so that only finite sums are permitted. Here 'H®" is a 
one-dimensional vector space generated by a distinguished unit vector 51, which we call the vacuum vector. 
The Q-inner products on the "H®" naturally define a Q-inner product on J^aig('H) by sesquilinear extension 
of 

[0, m ^ n, 

for / S 'H'^" and g € "H®™. Here, (•, •)q denotes the usual inner product on H®". We now define the Q-Fock 
space Tq(H) as the completion of J^aig('H) with respect to the Q-inner product. 

We are now almost ready to introduce the Q-creation and annihilation operators. We will define these in 
terms of the free creation and annihilation operators. For / S H, we define the free creation operator l~^{h) 
on J"aig(H) by 

l+{h)f = h®f 

for / e "H®", where we adopt the convention for the n = case that h®D, = h. We define l{h) to be the 
free annihilation operator, given by 



{l{h)f){xi, ..., a;„_i) := / h{y)f{y, xi,..., Xn-i) dy. 
Ju 

We now define for /i e "H the Q-creation operator a^{h) and the Q- annihilation operator a{h) by 



a+{h) ■- l+{h) and a{h) := /(/i)i?[j'' 



on T^"^" for n > 0, where 



(3) i?^') := 1 + T,^"^ + Ti^^^Tf ) + . . . + r^(«) . . . TJ^%TJ^% 

By writing each permutation tr S S'n as the product of an element of Si x S'„_i and the minimal length 
representative of the coset of a, we can show that 

(4) P^"+i) = (l$5F^"))i?J+i^ 

One can analogously define Q-deformed right creation and annihilation operators. In general, we will state 
our results in terms of the left side versions, but analogous results hold on the right side with the same 
proofs, and we will occasionally need to make use of these analogs. 

It was pointed out to us by an anonymous referee that the following is actually a special case of Theorem 
3.1 of 5. 

Proposition 1. For h ^ T-L, the operators a{h) and a'^{h) are adjoints with respect to the Q-norm. Further- 
more, for h Cz H, 

\\a+ih)\\<\\h\\^^. 

In particular, a'^{h) and a{h) extend to hounded operators on Tq{'H). 

Proof. The proof of this theorem is very similar to that of Theorem 3.1 in [3]. We will first show that a{h) 
and a'^{h) are adjoints with respect to the Q inner product. The definitions imply that 

i+(/i)7;(")=T/;+^^;+(/i), 

whence it follows that 

l+{h)Pl^^^ = {l®Pl^^)l+{h) and p(")/(/i) = /(/.)(l®p(")). 
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By applying (g]), for / G H 



(8n 



{a+{h)lg)^ = {a+{h)f,P^'+'^g)^ 



= (/,a(%>Q- 

This proves that a{h) and a'^{h) are adjoints with respect to the Q-inner product. 
We now prove the bound on |ja+(/i)||. Since HT/"'!! < q for each i, 



R. 



(") 
■Q 



<l + q + q^ 



< 



1 



1-g 



Thus, 



p("+i) p("+i) _ p("+ 






>(») 



>("+!) 



Since 1 (K) Pq and Pq are positive operators, it follows that 



p; 



(n+l) 



< 



T^0«^<?" 



Therefore, for f & H^ 



\a+{h)f\\' = {a+{h)f,a+{h)f)Q 
= {h(8)f,h(g)f)Q 
= (^h^f,P^"+'\h^f))^ 

<J—/h^f,l^P^^\h^f)) 
1 — q \ ^ / 



< 



1 



< 



1-q 
1 

1~ 



I|/^IPII/IIq- 



D 



We can represent an element / of the Fock space Tq{'H) as a sequence of functions {f^^\ f^^\ . . .): with 
/(") G -H®" and 



Elk 



") 



< oo. 
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We are now ready to define the operator-valued distributions a{x) and a+(a;). For / G H®", we define 
these by 

[a(a;)/](xi, . . . , x^-i) = (i?J+^V("+i)) (x,xi, . . . ,x„_i) 

[a+{x)f]{xi, . . . ,X„+i) = 6{x - xi)f^"-^'^\x2, ..., Xn+l). 

These definitions, of course, makes no sense as functions, but should be interpreted as distributions on 
C^{U). It is an immediate consequence of the definitions that 



0'{h) — / h{x)a(x) dx and a (h) = / h{x)a {x) dx, 
Ju Ju 

for functions h € C^{U). These relations are understood rigorously in terms of the corresponding quadratic 
forms. That is, for / e "H®" and g € H®("^^\ 



Ju Ju" ^ ' 

and similarly for a(/i): 

{9,a{h)f)Q= I h(x){g,a{x)f)Q dx 



u 



h{x) (Pq 'g) {Xi,. ..,Xn^l)RQ f{x,xi,. .. ,Xn-i)dxi .. .dxn-idx. 

lu Ju^-^ V ^ / 

It now follows from a simple computation that these operator- valued distributions satisfy the Q-commutation 
relations ([T]). 

3. The Q-deformed free group von Neumann algebras 
We now define the main operators of interest, the field operators 'w{h) by 

w{h) ■- a+{h) + a{h) for heV.. 
This allows us to define the Q-deformed free group von Neumann algebra by 

TqIH) ■.= {w{h) -.hen}" . 

Before proving anything about these algebras, we will need some additional notation. We will sometimes 
let a~ (h) denote a{h) so that we can write d"{h) for v € {— , -|-} to denote either the annihilation or creation 
operator. 

Given a finite ordered set S, we will denote the set of pairings of S by P{S). That is, P{S) = if S" has 
odd cardinality, and if jS"! = 2p then 

P{S) = {{(ai,zi),...,(ap,Zp)}|ai < zi,...,ap < Zp, {oi, . . . ,ap, zi, . . . , Zp} = S}. 

We will denote by /(V) the set of crossings of a pairing V, that is, for V = {(ai, zi), . . . , (op, Zp)}, 

I[V) = {{k,l) e {!,..., r}2|afc < ai < Zk < zi}, 

where the inequalities are in the ordering given on S. 

For a pairing V G P{S) for 5 C {1, . . . , n}, we define a function Qy on [/" by 

(fe,;)G/(V) 

We will simplify notation by writing 

6^{k)= J] S{Xa~X,). 
(a,z)eV 

Note that the S on the right side is the Dirac delta. 
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Proposition 2. Let /i, . . . , /„ £ H and denote by S the set {1, . . . , n}. For vi, . . . ,Vn G { — , +} 
(a^" (/„) • • • a"i {h)n, n)^ Y. ^v,v / • ■ ■ / fni^n) ■ ■ ■ /i(a;i)g^(x)(5{5(x)da;i . . . dx„ 



veP{s) 
where if n — 2p, D^y is defined by 



-Dv,v = II ^-"ofc,- • ^v 



k=l 

In particular, {w{fn) ■ ■ ■ w{fi)fl, fl) — when n is odd. 

Proof. The proof of is by induction on N := |{(j, k) : j < k, Vj = +,Vk = — }|. The elaim is easily seen to be 
true in the case A^ = 0, so we proceed to assume that A^ > and that the claim holds for A^ — 1. We will 
assume that /i, . . . , /« lie in the dense subspace C^{U) of H and then use the Q-commutation relation ([!]). 
Since A^ > 0, we can choose j minimal to satisfy Vj = + and Uj+i — — . Now applying ((T|), 

a""(x„) • • • a^Ha^i) = a""(x„) • ■ ■ a''^+^{xj+2)a{x,+i)a+{xj)a'''-'{xj^i) ■ --a^^ix^) 

= a''"(x„) •• ■ 0"'+^ {x.j+2){Q{xj ,Xj+i)a'^ {xj)a(xj+i) + 6{xj,Xj+i))a'''-^{xj-i) ■■ ■a"^{xi) 
= Q{xj,Xj+i)a'"'^{xn) ■ ■ ■ a''^-^^ {xj+2)a'^ ixj)a{xj+i)a'''-^ (xj^i) ■ ■ ■a'"^{xi) 

(5) +Six,-x,+i)a^-{xn)---a^^+^ix,+2)a^^-'{x,^i)---a^'{xi) 

We now consider the terms in the last line of ([S]) separately, denoting them by Xi and X2 . For compactness 
of notation, we define S" = {1, . . . , j — 1, j + 1, j, j + 2, . . . , n} (as an ordered set) and S' = {l,...,j — l,j + 
2, . . . , n} and also write f (x) for the product /„(a;„) • • • fi{xi). 

For the first term we have by the inductive hypothesis. 



I ■■■ I i{-K){Xi^,n) dxi...dxn^ Y^ D^y f ■■■ [{{x 



)Q{xj,x.j+i)Qy{-K)Sy{-x.)dxi ...dxr. 



veP{S'' 



Y D^y J ■J f (X)Q^(X)515(X) dxi... dXr,, 



veP(s) 
(ij+i)^v 



For the second term. 



/ • • • / f (x) {X2^, ft) dxi... dxn = Yj ^^y '" ^^^^ ~ 2;j+i)f (x)(3y (x)5y (x) dxi... dxn 

veP{s) 

= E D^y j ■■■ j i{^)Ql{^)K{^) dxi...dxn. 



veP(S) 
(ij+i)ev 

The proposition now follows just by adding the results of the two computations just completed. D 

Corollary 1. Let /i, . . . , /„ and S be as in Proposition\^ Then 

{W{fn)---W{fi)n,n)^ Y I ■■■ I fn{Xn)---fl{xi)Ql{^)5l{^)dxi...dXr., 

veP(S) 
Proof. Sum the formula of Proposition [5] over all choices of ui, . . . , u„. D 

Corollary 2. The vacuum state on Tq{'H) is a trace. 

Proof. The formula in Corollary [1] is invariant under cyclic permutations of the w{fi). D 

Proposition 3. The vacuum vector Vl e Fq(%) is cyclic and separating for Tq(H). 
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Proof. We first show that fl is cyclic. It will suffice to show that an arbitrary / £ f^®" is in the closure of 
TQ{'H)n. The proof is by induction on n. The cases of n = and n = 1 are obvious, so we assume n > 1 
and / e L'^{U"). If e > 0, we can choose {fij) G "H for i = 1, . . . n and j = 1, . . . , r such that 






<e/2. 



But then 






5, 



for some g £ ©JJ^i "H®". The claim now follows by applying the inductive hypothesis to g. 

To show that fl is separating for Tq{H), it will suffice to show that il is cyclic for rQ('H)'. We define the 
anti-linear conjugation operator J : Fq{H) -^ Tq{H) by JXQ, = X*Q, for X £ Tq{V.). This operator is 
well-defined because by the tracial property ||^ri|| = ||X*r2||. Since JTq{T-L)J commutes with Tq{T-L), and 
Vt is seen to be cyclic for JTq{H)J in the same way as for Tq{H), the claim follows. D 



4. The discretization lemma 

We will now show that the creation and annihilation operators a^{h) and a{h) can be realized as a 
limit in distribution of operators on a discrete Fock space arising from the discrete commutation relation as 
considered in [3]. Fix e and let U^ '■— U tl? . We let "He be a real Hilbert space with orthonormal basis 
{ex:x£ f/J. For x,y £ Ue, we define q,^y = Q{x,y). 

Bozejko and Speicher showed [3] that there is a qxy-¥ocV space on "H^ with vacuum vector fig, creation 
operators af{f) and annihilation operators a^{e) for e £% satisfying the discrete ga;j,-commutation relation 

ae(ex)a^(ey) - qi;ja'^{ey)ce{e,^) = 5xy ■ 1- 

The creation operator a^{ex) and the annihilation operator ai{ex) are adjoints with respect to the deformed 
inner product on the Fock space. We will denote this Fock space by J-q^^{'H^), its vaccum vector by il^, and 
its inner product by (•, •)q ^. 

Now define a^{f) and af{f) by 

a,(/) :- 6^/2 J2 f{x)a,{e^) and a+(/) := e^/' ^ /(x)a+(e,). 

x£Ut x£Ut 

Evidently, (a, (/))*= a+ (7). 

To simplify notation, we define for a pairing V, 

^vw= n '^---- 

(a,z)eV 

where the Sx^,x. on the right side is a Kronecker delta. 

Lemma 1. The family {ac(/) : / £ C^{U)} converges in joint *- distribution as e ^ to the family 
{'*(/) • / G C^(U)} introduced in Section\^ where all of the distributions are with respect to the respective 
vacuum states. 

Proof. We will use the fact, as shown by Bozejko and Speicher in [3j, that for wi, . . . , v„ £ {+, — }, 

«"(x„)---a:K^i)a,a>= E D^yDvi^) n 9.„,..„,, 

veP(S) (k,i)ei(V) 
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where S = {1, . . . ,n} and -Dv.v is as in Proposition [21 Again writing f (x) for the product fn{xn) ■ ■ ■ /i(xi), 
we have that 

hm «"(/„) •••<i(/i)a,a) = HmeJ"/2 V (f(x)a:"(e,J • • • a^^e^ja, a) 

e— >0 €— )-0 -"^^ — ^ 

xec/j^ veP{S) (k,i)ei{V) 



J---Ji{K) J2 D^yD^{^)Q^{^)dxi...dXr. 



veP{s) 



D 



We conclude this section by noting that the inner product on J^q^^{'H^) is defined using positive operators 
Pq} on -Hf " such that 

for £,,1] G H®", where {■,-)oe denotes the inner product of the Free fock space on He- Since we have 
assumed that sup^, y \Q{x,y)\ < 1, there is an operator RqI of norm at most (1 — q)^^ such that Pq^ — 
(l (g) P^A r'-qI. One can use this to show that P^"+^^ < (1 - q^H^ ® Pq^I) for all e. 

5. The factoriality result 
To state our main theorem, we will need to introduce the right field operator w,(/) for / G "H. We define 

Wrif) = Jwif)J, 

where J : Tq(H) — > Tq{H) is the canonical antilinear isometry defined by J{Xn) = X*fl. Equivalently, 

wr{f)^arif)+a+if), 

where a,r{f) and a^{f) are the right annihilation and right creation operators defined analogously to the left 
annihilation and left creation operators. 

Theorem 1. Let (71,32, ■ • ■ G C^{U) be real-valued functions luith gigj — for i ^ ] and \\gi\\2 — 1- For 
each d > 0, define 

d 

Nd = ^(w(gj) - Wr{gt)f. 

i=l 

Then for d sufficiently large, hsr Nd — Cil and Nd > el on J-q{'H) G Cil for some e > 0. 

In view of a theorem of Connes [J, this theorem will have the following consequence. It was pointed out 
to us by an anonymous referee that this follows immediately from the main theorem of Krolak in [5] . 

Corollary 3. The von Neumann algebra Tq{'H) is a factor which does not have property T. 

Proof. Choose Nd large enough that Nd > el on the orthogonal complement of the vacuum subspace. If 
X e Tq{H) n TQiUy then {w{g,) - Wrigi)) X = for i == 1, . . . , d. Thus Xn e ker A^^ = Cf^. Since Q is 
separating, A e C. Thus, rQ('H) is a factor of Type IIi. By Theorem 2.1 of [4], TqCH) does not have 
property F. D 

Our method of proof of Theorem [T] will be similar to that used by Krolak 6\ and will require some 
estimates. 

Proposition 4. For each n, define operators 

by 

Cn{h®f)^l{h)f and nn{f<S>h) = r{h)f, 
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where l[f) and r{f) are the free left and right annihilation operators, respectively acting on 7^®("^i) as a 
subspace of Tq{'H). Suppose that g (z H with \\g\\ — 1 and define D on 'H'*" by D{f) = g ® f ® g- Then 



•^n+2 {T-^ 



(n+2) 



•T. 



(n+2)> 



n+1 



D 



< q" and 



7^„+2(Ti"+')•••T("+^))7^ 



<q"- 



Proof. We will prove the second statement, and the first can be proven analogously. Our approach is similar 



(n+2) 



•T, 



{n+2)-. 



D 



to that of Lemma 7 in :6:. Namely, we will begin by showing that the operator TZn+2{T, 

commutes with Pq , the operator used to define the Q-inner product in Section [21 For this, it will suffice 

to show that TZn+2{Tn ■ • • Tf " ')D commutes with 4>n{(^) for each cr e S'„, where </>„ : S'„ — >■ 7^®" is 
as in Section [2l By quasimultiplicativity of (/)„, we can further assume that a is one of the fundamental 
transpositions Hk- Using the relation ©, we have 



7^„+2(T^"+')•••Tl("+'))i^0„K.) 






j,{n+2) sjjrpin) 

rp{n+2) ■,rp(n+2) „ 
'^1 l-'-k+l ^ 



^(n+2)„(ri+2)„(n+2)„(n+2)^(n+2) 
' ^k+2 ^fc+1 ^k ^k+\ ^k-1 

rp{n+2)rp{n+2)rp(n+2)rp{n+2)rpin+2) 
'-'-k+2 ^k ^k+1 ^k ^k-1 






.T(n+2)^^ 



■T, 



(n+2)- 



D 



Therefore, 7e„+2(T, 



(n+2) ^(n+2)x 



j(n) 



T^"" ')D commutes with Pq' = "^a^s 4>n{'y)- In particular, this means that 



7^n+2(Ti"+2)•••T("+^))i?<^„(a 



7^„+2(T,l"+2)•••Tl("+'^)D0„(a) 

<||7^„+2|lo||(Ti"+^^•••T("+^')||J|i?<^„(a)||o 
< l-g"-l. 



In the last line, we have used the fact that D is an isometry in the 0-norm and Tln+2 is a contraction when 
restricted to the subspace 7^'^("+i) ^ g. D 



The next lemma provides an analog to parts of Lemma 8 of [B] . 



Lemma 2. There is a constant C , depending only on Q, such that all of the following estimates hold for 
any orthonormal vectors hi, . . . ,hd ^T-L: 



(1) 
(2) 
(3) 
(4) 



Y.t=ia+{hi)a+{hi) 
Y,i=iO-^{hi)ar{hi) 



Y.^=la{h^)a{h,) 
Yli=ia'^{hi)a{hi) 



< C\fd and 
) 

< CVd and 



J2i=ia{hi)ar{hi) 
J2t=ia+{hi)a{h,) 



Q 



<CVd 
<C\fd 



<C^/d 



Q 



< C\fd and 



J2i=i"-r{hi)ar{ht) <C\fd 
Y.Liat{hi)ariht) 



<CVd 



Proof We take C = j^, which is large enough so that Pq < C(l $5 Pq ) for all n is as established 
in ([3]). In general, to prove that an operator X has norm at most K, it will be sufficient to prove that 
ll-'^/lP < -^■^11/11^ for all of the form / G T.^®" where n > is arbitrary. To prove the first bound in part[U 
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we have 



J2a+ih.)atih,)f - 



i=l 
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2 

Q 


d 

1=1 
/ d 


2 

Q 

d 



^hi®f®hi,Y^ P^^^'hj (g) / ® /i 



j=i 



<C^ l^hi®f® hi,Y^{l ® P^'> (g> l)hj ®f®hj 



d 



J = l 



= G^Y. {h,,h,){h,,h,)lf,P^^^f 



i,J = l 
d 



For the second bound in part[Tl we have that 



'^a{hi)ar{hi) 



i=l 



Q 



y^^a^{hi)a^{h^ 



y^^a^{h,)a^{hi 



i=l 



<cVd, 



where in the last hne we have used the first bound in part [TJ 
The proof of the first bound in part [2] is similar; 



y^a+(feja^(/i,)/ 



j=i 



i=l 
d 



i,j=i 



< C ^ ((1 ® F^" '') (h, (g, ar{h,)f) , hj (g> ar{hj)f 



d 



^^E(^Q "'•('^^)/'«-('^*)/ 



i=l 
d 



<cJ2\Mh,)f\\l 

<rfC'll/llQ- 

The arguments used to prove the second inequality in part [5] and all the remaining estimates are similar to 
those cases just completed. D 

We will need one additional bound, which is analogous to the last part of Lemma 8 of [5]. 

Proposition 5. If hi, . . . ,hd G C^{U) are such that ||/i,;||2 — 1 and hihj — for i 7^ then there is a 
constant C , depending only on Q, such that 



Y^ {a{hi)a+{h,) ~ I] 



i=l 



< Cq\/d and 



Y, {ar{h,)at{h^) - l) 



i=l 



<CqVd. 
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Proof. We will prove the first estimate; the proof of the second is analogous. It will suffice to show that for 

/ = HjeJ hj®---® fnj with /y , • • • , fnj £ C^{U), 

2 



J2{a{h^)a+ih,)-l)f 



<q'C'd\\f\\l. 



To prove this result, we will make use of Lemma [U which implies that in the notation of Section [4l 



Y,{aih,)a+{h,)-l)f 



i=i 



lim 

e-i-O 



i=i jeJ 



We again choose C = j^. For this choice of the constant, we have PqI > C(l (81 Pq^ ) and also PqI > 

C{Pq,:''^ ® !)• We define /, = E.^j a+ifij) ■ ■ ■ a+{Uj)n,, fix e > 0, and denote ^ti ia,ih,)a+ (h,) - 1) 
by Vf. Applying the discrete commutation relations and rearranging terms. 



\VJ, 



Xi,X2EUe 



y^ y^ £^hi{xi)hi{x2){Q{xi,X2)af{ex2)ae{exi) + 5x^,x2)f^^-dfe 

4=1 Xi,X2SiUe 



Q,e 



< 



y^ y^ e^hi{xi)hi{x2)Qixi,X2)a'^{ex2)ae{exi)fe 



=1 xiec/e 

X2GU, 



i=i V xeu, / 



Q,e 



Q,e 



Since ||/ii|P = 1, the second term in the last line converges to as e — >■ 0, whence we need only show that 
the first term has the needed bound in the limit. Denoting this term by S'e, we have 

2 



S^ 



y^ y^ e^hi{xi)hi{x2)Q{xi,X2)af{ex2)ae{exi)fe 

i—l xi,X2GU^ 



d 



y^ y^ e-'hi{xi)hi{x2)Q{xi,X2)ex2®ae[ex^)ft 



i — l Xl,X2^Ue 

d 



Q,e 



< 



X2^Uc 



y^ y^ e^/ii(a;i)/ii(a;2)Q(xi,a;2)ae(ea;i)/e 

i=i xie;/^ 



Here we have used the fact that Pq < C(l (8) Pq )■ To further simplify this bound, we use the fact that 



the adjoint map is an isometry and then make use of our choice of C again: 

2 



X2&U^ 



y^ y^ ^^hi(xi)hi{x2)Q{xi,X2)a^{exi) 

z=l KiSC/e 



11/. 



|Q,£ 



Q,e 



<C ^ sup 



y^ y^ e''/ii(2^i)^j(a:2)Q(a;i,X2)ea;i (g)5e 

2 

ll5e|lLl|/.|||., 



/■^llL 



Q,e 



y^e^/i»(a:i)/i,(x2)Q(a:i, 



2^2, 



< C^ ^ sup 

xi.X2(iU, \\3dQ.. = ^ 
d 

^^' E E^'''^»(^i)'^(^2)'iQ(^i'^2)i'ii/.ii| 
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In arriving at the last line we have made use of the fact that the hi are supported on disjoint sets. Since by 
Lemma [T] we have H/ellg^e -^ II/IIq as e — > 0, whence 

This gives the needed result. 

Proof of Theorem]^ Expanding the definition of Nd we have, 

d 

Nd = ^ (a+(gj)a+(5j) + a{g{)a{gi) + a+{g^)a{g^) + a{g^)a+{g,)) 

4=1 

d 



a 



+ X! {(^t {9t)at (gi) + ar{gi)ar{gi) + a^{g{)ar{g{) + 0^(5^)0+ (g,)) 
1=1 

d 

- ^ (2a+(gOa+(5j) + 2a{gi)ar{gi) + a^{gi)ar{gt) + 0(5^)0+ (5^)) 



i=l 
d 



- X! {^t{9i)a{gi) + ar{gi)a+ {g.i)) . 

i=l 

Here we have used the fact that a^ {gi)a^ [gi] = a^ {gi)a^ {gi) and likewise for the left and right annihilation 
operators. 

For each z, we denote by Di the map on Fq{T-L) given by linear extension oi f ^^ gi® f ® gi for / e "H**". 
By the definition of the left and right annihilation operators, 

a(ft)a+(5.)/ = {a{g^)f) ® 9. + /:„+2(Ti"+') • • • r(;|t'')A(/) 
and 

ar{g.)a-^{g^)f = g^ ® (0.(5,)/) + 7^„+2 (T,("+2) . . .Ti("+^')A(/), 

for / € "H®", where TZn+2 and £„+2 are as in Proposition SI Now defining 

d 

Bi := -2d + ^(a(g,,)a+(5j) + 0^(54)0+ (g,,)), 
1=1 

we have by Proposition [S] that ||i?i|| < 2Cq\/d on Fqiji) Q Cfl. Define also 

B2 := E (7^n+2(r("+2) . . . r("+^))i?,(/) + /:„+2(t("+^) • • • Tilf^)D,if)) . 

1=1 

By Proposition m we have ||i?2|| < 2g(i. Finally letting 

B3:=iVd-2d-Bi+B2, 
we have by Lemma[l]that II-B3II < 14Cvd. This yields an inequality of operators, 

Ndl^QWeCii > 2d(l -q)- 2CVdq - UCVd. 
The expression on the right is positive for sufficiently large d. D 

Remark 1. We have assumed throughout that q := sup^ „g^ |(5(a::, j/)| < 1. However, we can easily extend 
the construction to the case of g = 1. Write U = [Ji^j B{xi,ri) where B{xi,ri) denotes the open ball of 
radius r^ centered at Xi G R^. For each N, define Um '■— Uie/ ^ i^ii n^^'O' Then 

sup \Q{x,y)\< sup_|Q(a;,y)| < 1, 

so we can define Hn := L'^{Un) and apply the construction to get a factor rQ{HN)- Moreover, we have 
a natural inclusion Tq{'Hn) ^ ^q{T~1-n+i), so we can define {Jj^i^j^^qi'HN)- The Fock space Fqiji) can 
be constructed by the GNS construction. Finally, by choosing the functions gi,g2, ■ ■ ■ in Theorem [1] to be 
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supported in some Un, we see that we can construct an operator as in Theorem [TJ so that CoroUary[2]holds 
as weh. 
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